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Two Types of Forecasting 

• Explanatory: Regression on causal factors 

• Time Series: Regression on historical demand 

Dt =  actual demand in period t 
Ft =  forecast of demand in period t ,  given D1,...,Dt -1 
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Moving Average 
Ft = average of most recent n data points 

= 
id 

i =t −n +1 

t 
∑ 

n 
High value of n :  more stable,  less responsive 
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ExponentialExponential SmoothingSmoothing 
Ft = αDt −1 + 1− α( )Ft − 1 

= Ft −1 + α Dt − 1 − Ft −1( ) 
= Ft −1 + αet − 1 

Ft = αDt −1 + 1 − α( ) αDt − 2 + 1 − α( )Ft − 2[ ] 

# 
= αDt −1 + α 1− α( Dt −2 + α 1− α( 2 Dt −3 + ... 

n (moving average) ≈ 
2 − α 

α 

α ≈ 
2 

n + 1 

α near 0 ⇒ stable, unresponsive 
α near 1 ⇒ responsive to recent demand 

) )
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Exponential Smoothing 
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ARMA ProcessARMA Process 

Due to Box and Jenkins 

Ft +1 =  linear function of D1,...,Dt(  and e1,...,et( 

autoregressive 

See “Time Series Analysis : 
By Box, Jenkins and Reinsel (1994) 

) ) 

moving average 

Forecasting and Control” 
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The Bass ModelThe Bass Model 
m =  fixed market size 

n(t ) =  instantaneous demand at time t 
N (t ) =  cumulative demand up to time t 

p =  coefficient of innovation 
q =  coefficient of imitation 

f (t ) =  rate of increase of fraction of buyers at time t = n (t ) 
m 

F (t ) =  cumulative fraction of buyers up to time t = N (t ) 
m 

Model : 
hazard rate of fraction of purchasers 

= f (t ) 
1− F (t ) 

= p + q N (t ) 
m 

n(t ) =  p(m - N (t )) + q N (t ) 
m 

(m − N (t )) 
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Solution to Bass ModelSolution to Bass Model 
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Cumulative and Instantaneous Demand in the Classical Bass Model 

N (t ) = 
m(1− e − (p + q )t ) 
1+ q 

p e −(p +q )t 

n(t ) = 
mp(p + q )2 e − (p + q )t 

p + qe − (p + q )t[ 2 

2 2

]
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Comments on Bass Model 

1) Good for short life cycle products 

2) Can embed in DDLT heuristics, 
but hard to get variance 

3) See Kurawarwala & Matsuo, 
Operations Research 44, 131-150, 1996 
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The Martingale Model of Forecast Evolution 

Notation: 
Dt =  actual demand in period t, Dt{ } stationary with E (Dt ) = λ 

Dt ,t +i =  forecast of period t + i demand made at start of period t 
εt ,t + i =  update in period t + i forecast made at start of period t 

= Dt ,t +i − Dt − 1,t +i 

εt = εt ,t + i( )i=0 

H =  forecast update vector at time t 

The MMFE posits εt{ } forms an iid N (0, Σ) sequence Σ = σij[ ] 

Note That: 
• Σ can be estimated using historical forecast update data 
• The MMFE is a descriptive model 
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Example: Forecast Horizon =  2 months 

Var εtt ,εt,t +1( = =∑ 
σ 

12 2 
2σ 

1 
2σ σ12 

 
 

 

 
 

If σ12 = 0  ⇒  Demand is iid 
Var Dt( ) = σ

1 
2 + σ

2 
2 (update forecast twice) 

= Var (February demand | January 1) 

σ 
1 

2 = Var (February demand | February1) 

σ2 
2 

σ1 
2 

+ σ2 
2 =  fraction of variability predicted 1 month in advance 

σ 
1 
2 = 0 ⇒  orders frozen 1 month in advance 

12if σ > 0 ⇒  new info. increases or decreases forecasts for both months 
e.g., surge in market 

12if σ < 0 ⇒ new info increases forecast for one month 
new info decreases forcast for other month 
e.g., quarterly demand known;  timing of monthly demand is uncertain 

)
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Final Comments on MMFE 
1) It is a model of an existing forecasting process, 

not a forecasting tool 

2) It subsumes ARMA (stationary times series) 

3) It can incorporate “black box” forecasting 
e.g., past demand, expert’s judgement, 
competitors’ actions, boss’ whims, etc. 

4) It allows you to quantify different forecasts by 
estimating Σ from historical data 

5) Optimal base stock levels 

• inventory model 
(Graves et al., Operations Research 46,S35-S49, 1998) 

• make-to-stock queue 
(Toktay and Wein, Management Science, 2001 


